We investigate the quantum effects of the nonlocal gauge invariant operator
Introduction
The year of 1999 witnessed two major developments in the noncommutative quantum field theory program. In the first one, Seiberg and Witten [1] , inspired by the previously known result that the low energy limit of open strings could lead both to a gauge theory defined on a noncommutative space as well as to an usual commutative gauge theory, depending only on gauge choices, announced the existence of what became called the Seiberg-Witten map between noncommutative and commutative gauge theories.This achievement was then fully tested and confirmed by several authors both in the general structure of gauge transformations as in specific examples of gauge theories (we make a short list of references which is far from being complete [2, 3, 4, 5, 6, 7, 8, 9, 10, 11] ).It also opened a window to an alternative approach to the quantum properties of the noncommutative theories.
The second development just revealed the kind of difficulties one has to face when tackling the renormalization of field theories in the noncommutative space. An intrinsic mixing between high and low energy scales was associated to the noncommutativity of space-time, generating divergences which in the general case make these theories not renormalizable as they stand [12] , the case of noncommutative gauge theories being no exception [13] . Recently, it was finally understood that this infrared/ultraviolet (IR/UV) mix is still present even after a Seiberg-Witten map [14] , showing that the commutative theories generated by their noncommutative counterparts suffer from the same nonrenormalizability.
It took some time until the first proposal appeared in order to cure a noncommutative scalar theory from this IR divergence [15] . The basic idea was to alter the free propagator of the theory through the introduction of an harmonic potential, then changing its low energy behavior. This in fact made the theory convergent in the infrared region, but at the cost of explicitly breaking translation invariance. In [16] this problem was circumvented now by the introduction of a nonlocal term, again assuring that the IR/UV mixing would be cured for a scalar theory. Soon, this proposal was generalized to the case of a noncommutative gauge theory [17] . The main idea was still the same, to change the low energy pattern of the theory, and this was obtained through the introduction of a nonlocal term one more time. The practical effect of this term is to modify the free propagator of the gauge field, which acquires a 1/k 4 pole, consistently defined in Euclidean space-time. This is how the infrared regime of the theory gets modified. Again, we still have a problem with this approach in the way that it was presented up to this point, as the nonlocality is not adequate to match the requisites of the Quantum Action Principle (QAP) [18] . The way out would be to find an equivalent local action meeting the same properties of this previous one. So, the quantum study of such theory had to wait untill more recently, when a way to localize this nonlocal action was found. Then a one-loop analysis was finally carried out [19] . This was an important achievement, but once more there is an undesirable feature: the introduction of an extra field in the theory, creating extra degrees of freedom not present in the original noncommutative gauge theory. A natural question would be to ask if this is an unavoidable price to be paid in order to have a possibly renormalizable noncommutative theory with gauge interactions.
Our intention here will be to present an alternative scenario of localization, leading to a renormalizable noncommutative gauge field theory, but avoiding to introduce any extra degree of free-dom.
In Section 2 we present the nonlocal action, its localization via doublet fields and the resulting BRST symmetry. In Section 3 the equations compatible with the Quantum Action Principle are derived. Section 4 is dedicated to the analysis of the quantum stability of the theory. The definitive form of the propagator is finally obtained, showing a modification from the classical starting one. In the final section we show the conclusion.
BRST in Euclidean space
The nonlocal action that we will study is
We are assuming an Euclidian signature for the space-time and an Abelian gauge group, with
This action gives to the gauge field propagator a more adequate behavior in the infrared for the noncommutative space
As pointed out in [17] and [19] , the infrared behavior of this kind of propagator decouples the ultraviolet and infrared regimes, and, then, the action (1) is a good candidate to generate a coherent quantum gauge theory in noncommutative space, without the IR/UV mix. The action S N L can be localized introducing a set of auxiliary tensorial fields. We use two pairs of complex conjugated fields B µν , B µν ; χ µν , χ µν . We will see that only with such structure one can hope to get rid of the unwanted extra degrees of freedom. Anyway, the action
although representing the nonlocal operator of (1) in a localized form, still presents the problem that new degrees of freedom are being introduced by the auxiliary fields. This makes the physics content of the theory described by (4) different from that of a noncommutative U(1) theory. This problem can be solved by associating a ghost for each tensorial field introduced, in a way that a BRST structure of quartets will appear. This possibility of eliminating the extra degrees is the main reason for our choice of localization, as other attempts fail at this point. The action which attains this aim is
The action S 0+G is left invariant by the set of BRST transformations
where one can see the formation of a double quartet structure. The action S 0+G can then be written as
Oncemore we notice that the physical degrees of freedom of the noncommutative U(1) theory are being preserved. In our localized action (5) there is still a piece to be analyzed. The S break sector of the action is not left invariant by the BRST transformations (6) . This is the element that will bring a new physics to the pure U(1) case. It is BRST transformed into
From this point on we will assume that the Moyal product is rigid under quantum corrections. In the noncommutative space, the Moyal structure is intimately related to the gauge symmetry, and one cannot modify the first without damaging the latter. This can also be infered from the fact that the only nontrivial cocycles of the BRST cohomology of gauge theories involve exclusively terms constructed with the field strength and covariant derivatives at the level of the counterterms in the study of the quantum stability of the gauge action [18] . Naturally, in the noncommutative space, there is room for higher dimensional terms built explicitly with θ, field strengths and covariant derivatives, invariant and nontrivial in the BRST sense, which are not present at the original action. This is also seen by the method of consistent deformations of [20] applied to the present case of noncommutative deformations of Maxwell theory [6] . It is the Lorentz structure of the vertices of the theory together with gauge invariance which prohibits such counterterms. In [21] , explicit calculations in noncommutative Chern-Simons theory showed these properties. Then, although the presence of F µν in (8) implies an infinite series of terms, the rigidity of the Moyal product determines that F µν is renormalized as a whole. This allows us to understand the breaking in (8) in a way analogous to that of a soft breaking in a commutative theory (one can see that in zero θ order, this breaking is undoubtedly a soft breaking). The treatment of softly broken theories was recently formalized in [22] . We will need to study the renormalization of the theory together with the renormalization of the breaking itself. This is done by introducing a set of sources in a BRST doublet in such a way that the physical action is obtained when we set the sources to their physical values:
where by phys we mean that in this limit the sources attain their physical values,
The BRST transformation of the sources,
shows the doublet structure that we have already mentioned. The action (9) is now easily seen as an exact BRST variation, and the process altogether is a kind of an immersion of the original theory inside this more general one. The last steps needed for the BRST quantization are the definition of a gauge fixing, which we take as the noncommutative Landau gauge fixing,
And finally, a set of Slavnov sources Ω, L, u, u, v, v, P , P, R, R, M, M, N, N are introduced in the action coupled to the nonlinear BRST transformations of the fields A, c, ξ, ξ, B, B, ψ, ψ, χ, χ and sources Q, Q, J, J respectively. The complete invariant action can then be written as
and it is ready for the BRST analysis.
Equations Compatible with the Quantum Action Principle
In this section we will present several symmetries compatible with the QAP, which will be useful in the BRST renormalization procedure. First we have the traditional Ward identities present in usual gauge theories:
• Slavnov Taylor 
• Lagrange multiplier and antighost equation
• Ghost equation
• SL(2, R) equation
It is important to emphasize here that, due to the Moyal structure, the possible breaking terms are vanishing when integrated. Now, due to the fact that all couplings are derivative in the noncommutative U(1) theory, we also have integrated equations of motion,
This point should be stressed in detail. These Ward identities will play a major role in the renormalizability proof that we will derive. But these symmetries are only present in the U (1) case, for the general U(N) theory has nonderivative interactions. The absence of such Ward identities make the renormalizability study impracticable. This is the main reason why we believe that in the nonabelian noncommutative case we need an alternative way of solving the IR/UV problem. We will come back to this point later on. Now, let us go back to the U(1) case.
The final symmetries that we will list are the identity associated to the BRST doublet structure 
the linearly broken symmetries U (0) and U (0) , 
which together define the reality constraint on our action Σ and an associated reality charge Q for all the fields and sources of the theory,
and finally the last two symmetries
and
Let us already explain here that the tensorial nature of these symmetries will be responsible for the fact that,in the cohomological analysis that we will undertake, the only possible Lorentz indices contractions of the fields χ, χ, B, B, ψ, ψ, ξ, ξ and their sources obey the same structure present in the action (14) .
Stability of the quantum action
In order to study the stability of the quantum action let us start by presenting the quantum numbers of all fields and sources: sources
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The invariant counterterm
In order to characterize the most general invariant counterterm which can be added freely to all orders in perturbation theory [18] , we perturb the classical action Σ by adding and arbitrary integrated local polynomial Σ count of dimension up-bounded by four, vanishing ghost number and Q charge. We demand that Γ = Σ + ǫΣ count + O(ǫ 2 ), where ǫ is a small expansion parameter, satisfies the same Ward identities as Σ. This requirement provides the following constraints on the counterterm (for convenience of the reader, we follow the same sequence of Ward identities of section (3)):
where in (26), B Σ stands for the nilpotent linearized Slavnov-Taylor operator, ) .
and in (29),
The first constraint (26) together with (41), establishes a cohomological problem for the operator B Σ and its solution is given by [18] 
where ∆ (0) is a local integrated polynomial in all fields and sources, with ultra-violet dimension up-bounded by four, ghost number zero and vanishing Q charge. The other Ward identities (27) to (40) will give constraints to ∆ (0) . In the first place, equations (27) and (28) state that b cannot be used in its construction, and that the source Ω µ and the antighost c can only appear in the combination Ω µ +∂ µ c. Equations (29) and (30) are also typical of gauge theories and fix coefficients of counterterms already present at the original action. Now, it is of fundamental importance to note that, due to equations (31,32,33,34,35) , the fields χ,χ,ψ,ψ and ξ only appear directly derivated or inside Moyal comutators (anticomutators). In fact, this is also valid for all BRST sources in the theory, which obey similar equations. In particular, eq. (35) avoids the quantum generation of the counterterm
which, otherwise, would be allowed by all the remaining Ward identities. Also, for ∆ (−1) we can find more than 60 types of monomials which generate as much polynomials of quartic interactions involving only the fields χ, χ, B, B, and the ghosts ψ, ψ, ξ and ξ of the localization. In the sequence of Ward identities, their coefficients remain free up to the use of the equation (35) , with no restriction whatsoever. It is the imposition of the Ward identities (36) to (40) which prohibits them all. There is also another possible counterterm which deserves special attention. The expression
is not allowed as a counterterm explicitly by the identity (39). Then, what is left for the quantum contributions for the counterterm are (we neglect here the terms which become null at the physical limit of (10))
The most important point to be stressed here is that this couterterm action implies that the term χ µν * D 2 χ µν − ψ µν * D 2 ψ µν must be in the classical starting action in order to assure its stability. This term is then responsible for a gauge propagator slightly modified in relation to that in (3) . When the sources J, J, Q and Q are set to their physical values the propagator for gauge field takes the general form:
This means that the inclusion of all counterterms of (46) in the starting classical action will ensure the renormalizability of the noncommutative Maxwell theory, not only from the stability point of view as well as from the fact that the resulting propagator (47) still decouples the infrared and ultraviolet regimes, avoiding the IR/UV mix.
Conclusion
We saw along this work how a nonlocal action as that in equation (1) can cure the infrared problem without spoiling the ultraviolet stability of a noncommutative Maxwell action. It is interesting to notice that the prsence of the Moyal coupling θ with its negative mass dimension and of the infinite set of non-power-counting vertices of the noncommutative Maxwell theory make the renormalizability so obtained a result that fills the idea once proposed by Gomis and Weinberg on the possibility of renormalization of nonrenormalizable theories by the power-counting criterion [24] .
In the development of our algebraic proof, we followed the approach used by [23] , and more recently improved by Sorella and Baulieu [22] , to the study of the BRST quantization of the nonlocal action coming from Gribov's observations on the infrared properties of gauge theories. We understand that, if in the usual commutative space the use of nonlocal actions is an alternative option to the study of the infrared regime, on the other hand, in the noncommutative case this seems to be the inevitable path to solve the intrinsic problem of the IR/UV mix. Using the same analogy with these works, we can identify evidences for a confining character of this noncommutative theory as can be found in [23, 22] .
We would like now to call the reader's attention, one more time, to the role played by the set of Ward identities (26) to (40) in this renormalizability proof. It is the strength of these symmetries which ensures the quantum stability of the localized action. In particular, we commented how the symmetries (36) to (40) block the counteterms of the quartic vertices. But these are not the most dangerous counterterms in this kind of problem. Dealing with an infrared regime, one must pay all attention on counterterms that can change the propagation behavior of the theory. Regarding this point, we saw two possible counterterms that could be troublesome. The term (45), if allowed as a quantum correction, would just make the gauge propagator have a nonzero limit at zero momentum. This would not be a problem at all. Then there was also the term (44). This term has a devastating consequence on the gauge propagator if allowed. Surprisingly, this counterterm would just reinsert the infrared divergence! Joining it to the localized classical action (4) with a coefficient αγ 2 , even with the inclusion of the new counterterm in (46), gives the propagator
which has an obvious pole at k = 0. So, if it was not for the presence of the Ward identity (35), the stability would be spoiled in the sense that the quantum corrections of the theory would demand a couterterm that would invalidate the only purpose for the use of the nonlocal action (1) from the beginning. This would mean the return of the IR/UV mix. This is the main reason why the noncommutative Maxwell theory gets stable. And it is why the noncommutative Yang-Mills theory will not. Unfortunately, symmetries (19) , where the identity (35) comes from, are a result of the special derivative nature of the interactions generated by the Moyal product in an abelian theory. When nonabelian interactions come into play, all symmetries (19) come out. And, with them, it goes the stability of the noncommutative Yang-Mills theory. With this we mean that even if one starts, along with the noncommutative Yang-Mills action, with a nonlocal term of the kind of that introduced in equation (1), which in fact generates a gluon propagator with an appropriate infrared behavior, as in (3), the quantum corrections will inevitably force the reappearance of the infrared pole for stability reasons. As we just said, in this way, in a noncommutative space, the return of the IR/UV mix also becomes inevitable.
This kind of effect has appeared once in an analogous work. In [25] , a nonlocal covariant proposal of an invariant mass for a gauge field was studied, and although not fully analysed, the breaking of the quantum stability reintroduced the infrared pole, as one can derive from equation (6.7) of that paper. From this observation, our conclusion is that, in the absence of a strong Ward identity as eq. (35), the covariant structure of the nonlocal actions that were used in both cases (ours and in [25] ) leads to the kind of stability breaking that makes their propagators infrared divergent in the end. This is why we believe that a good alternative, possibly unique, to the nonabelian case is to try as an infrared regulator the same kind of noncovariant nonlocal action developed by Zwanziger in the study of Gribov's problem, now adapted to the noncommutative case. We hope to be soon reporting on this subject.
